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EM1
Numbers and symbols

The concept of number is the obvious distinction between beast and man. Thanks to number, the
cry becomes song, noises acquire rhythm, the spring is transformed into a dance, force becomes
dynamic, and outlines figures.

Joseph Marie de Maistre, French author

ESSENTIAL MATHS

Contexts

What is this chapter about?
This chapter explains why numbers are important, both in society and in business. It
reminds you about negative numbers and explains how to add, subtract, multiply and
divide them and how to use brackets. It explains how to make rough estimates before
using a calculator and how to round numbers. It goes on to describe how symbols can
be used to represent general relationships between quantities and shows how symbols
can be treated in a very similar way to numbers. It introduces the idea of a model and
explains what a spreadsheet is.

Why is it useful?
Numbers are used everywhere to describe and measure, to allocate resources and to
plan ahead. So the basic numeracy skills in this chapter are an essential skill of modern
life. Most professional jobs these days require you to use a spreadsheet and a calculator
and in Business, Management and Finance, you will frequently have to manipulate
numbers and understand simple mathematical expressions which involve symbols, for
instance to represent how budgets are allocated to different departments or calculate
an interest payment. And any quantitative subject you study either in education or for
professional examinations will require the work in this chapter.

Where does it fit in?
The first part of the chapter describes the basic operations of arithmetic, representing
numbers and using a calculator, whereas the second part, using symbols instead of
numbers, is really the very beginning of the subject of algebra. Your memories of
school algebra might put you off but please bear with us – we show you that symbols
can be used in exactly the same way as numbers and we start from the very beginning.



Imagine a world without numbers. Accurate measurement would be impossible. Physical
phenomena like air temperature, medical diagnostics such as blood pressure or economic
statistics like the inflation rate and unemployment figures would be impossible to quantify.
We would be left saying vaguely that ‘prices seem to have gone up’, or ‘tomorrow will be
warmer’, but further analysis and comparison would be impossible.

Our society allocates resources – raw materials, labour and property – almost entirely by
ascribing monetary values to them. Without numbers your prospective career would not
exist – no accounts, no economic models, no sales figures.

So we need numbers. They enable us to describe exactly how our world is now, to allocate
resources and to plan into the future.

In management, you will have to represent quantities numerically, calculate them,
analyse relationships between them and communicate your findings to clients and
colleagues. This will often require you to use symbols to represent the quantities of interest.
For instance, a general rule for calculating the amount received at the end of a year, on an
investment of £A at an annual interest rate of r % is
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What do I need to know?
We assume only that you know how to add, subtract, multiply and divide positive
numbers and zero and that you can cope with numbers like 5.123 in which the
fractional part is given using decimal places. Most readers will have covered the work
in this part of the book when they were younger. We realise that this may have been a
long time ago and that not everyone got on with maths at school, so the explanations
are thorough and completely self-contained.

Objectives

After your work on this chapter you should be able to:

� add, subtract, multiply and divide positive, negative and zero numbers;
� combine the operations above using brackets;
� make rough estimates before using a calculator;
� understand how to round to so many decimal places or significant figures and how

to use scientific notation;
� use symbols to represent the relationships between quantities;
� understand the difference between constants and variables;
� evaluate an expression using particular values for the variables;
� understand the concept of a model;
� understand what a spreadsheet is;
� perform basic operations to simplify expressions containing symbols.



A
r× +





1
100

(Don’t worry if you don’t understand this now – we will see how it is obtained later.)
In the first four sections of this chapter we will only use numbers but in the remaining

sections we will use symbols as well. The ways of dealing with symbols are just the same as
those for numbers – hardly surprising when you think that the symbols are standing in for
numerical values anyway.

1 Positive and negative numbers: adding and subtracting

Here is the first diagnostic ‘test box’. Take a minute to try it. If you can answer correctly,
with no difficulty whatsoever, you could move directly on to Section 2.

Test box 1

Can you solve these?

2 + (–5) =? –3 – (–4) =? 3 – (–2) + (–5) =?

Solutions: –3, 1, 0.

Negative numbers
You are already familiar with numbers, and with decimal places. Numbers like 3, 1000,
10.24, and 3.1427 are all positive numbers; that is, they are greater than 0. For many
applications (for example, temperatures in Celsius below freezing, profit and loss or credits
and debits in a bank account) and as a tool for many mathematical skills it is useful to be
able to talk about negative or minus numbers. These are numbers like –5, –7.74, –1000 or
–1.0. We will often enclose them in brackets like (–5) or (–7.74) to show that the minus sign
belongs to that number.

All these numbers, positive, negative and zero, can be represented on a line. Part of it is
shown below. The dots at each end show that the line could continue forever in both
directions.

... - + ---- + ---- + ---- + ---- + ---- + ---- + ---- + ---- + ---- + ---- + ---- + ---- + - ...

–6 –5 –4 –3 –2 –1 0 1 2 3 4 5 6

Adding and subtracting negative numbers
We all know that 4 + 5 = 9, or 8 – 3 = 5, but it is less obvious how to add and subtract
negative numbers.

Any sum can be represented by a traveller on a journey along the line above. He starts at
one point on it and from there can go forwards (to the right) to higher numbers or
backwards (to the left) to lower numbers. Adding and subtracting represent forward and
backward progress respectively. For instance, for (–5) + 3, the traveller starts at –5 on the line
and then moves 3 units forwards to arrive at –2, so (–5) + 3 = (–2). For (–4) – 1 she starts at
–4 and moves one step backwards to (–5) so (–4) – 1 = (–5).

EM � Essential maths4



Check this

Use the line to convince yourself that (–3) + 2 = (–1), that (–3.7) + 1.7 = (–2) and that
(–1) – 3 = −4.

When we need to add or subtract a negative number the direction must be reversed
because the number is negative. For example, to calculate 3 + (–2), he starts at 3 on the line,
would move forward for the addition but does the reverse because we are adding a negative
number. So he moves 2 units backwards from 3 to arrive at 1 and we conclude that 3 + (–2)
= 1. In a similar way, to calculate 3 – (–2) he starts at 3, would move backwards for the
subtraction but does the reverse because of the –2 and so moves 2 units forwards to 5.

Check this

Convince yourself that (–3) + (–2) = (–5) and that (–1) – (–2) = 1.

Notice that as 3 + (–2) results in moving 2 units backwards it gives exactly the same result
as 3 – 2 and that as 3 – (–2) results in moving 2 units forwards it is the same as 3 + 2. This is
because ‘forwards’ and ‘backwards’ are the reverse of each other. For 3 – (–2) the effect is one
of a double negative, the phrase ‘I am not not going’ or the opposite of an opposite.

So, plus a minus number is the same as minus a positive number (opposite signs),
whereas minus a negative number is the same as plus a positive number (same signs) as
shown below.

When evaluating sums it is usually easiest to rewrite them in terms of positive numbers
only as we have done in the following examples.

Check these

3 + (–5)
= 3 – 5 = –2.

1 – (–4)
= 1 + 4 = 5.

(–3) – 7 = –10.
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Adding and subtracting negative numbers

OPPOSITE SIGNS
+ (– number) or – (+ number) gives a –

SAME SIGNS
– (– number) or + (+ number) gives a +



12.42 – (–3.1)
= 12.42 + 3.1 = 15.52.

When more than two numbers appear in a sum we work in the same way. For instance
3.2 – (–3) + (–2) – 1 = 3.2 + 3 – 2 – 1 = 3.2.

Check this

− + − − − +
= − − + + = −

67 7 01 21

67 7 01 21 115

. ( ) ( . ) .

. . . .

2 Positive and negative numbers: multiplying and dividing

Test box 2

Can you do these?

(–3) × 2 (–4) × (–0.5) –2 × 10 8 ÷ (–2)

–6 ÷ (–3) –4 × 12 × (–2)

Solutions: (row-wise) –6, 2, –20, –4, 2, 96.

Multiplying negative numbers
Multiplication means ‘times’ so 2 × 3 is really ‘two threes’ or 3 + 3, 4 × 3 is ‘four threes’ 3 + 3 +
3 + 3 and so on. The order of multiplication does not matter so 2 × 3 is the same as 3 × 2 =
2 + 2 + 2, and 4 × 3 is the same as 3 × 4 = 4 + 4 + 4 and so on.

The number line in Section 1 can help us to work out how to multiply negative numbers.
The multiplication 2 × 3 is 3 + 3, so our traveller starts at 0 and travels forward 3, and

then forward 3 again to reach 6. By similar reasoning 2 × (–3) = (–3) + (–3), so he starts at 0
and then travels backwards 3 steps and then backwards 3 steps again to reach –6, so we have
that 2 × (–3) = –6. If the negative number comes first, we can reverse the order of
multiplication. For instance, to calculate (–4) × 2 we regard this as 2 × (–4) and work out
(–4) + (–4) = (–8).

The big problem comes when we want to multiply two negative numbers together, let’s
say (–5) × (–2). How can our traveller do backward steps of 2, minus 5 times? Or backward
steps of 5, minus 2 times? Here we do need a leap of faith. The convention is that a negative
times a negative is a positive. This rule was adopted because everything then falls into a
pattern for later work.

EM � Essential maths6



The key results for multiplying positive and negative numbers are:

Of course, to multiply more than two numbers together we just multiply the first two,
then multiply the result by the third number and so on. A property of multiplication is that
we will obtain the same result regardless of the order in which we multiply the numbers.
For instance,

2 3 4 5

6 4 5

24 5 120

× × ×
= × ×
= × =

or we could have said

2 3 4 5

2 12 5

2 60 120

× × ×
= × ×
= × =

The result of multiplying two or more numbers together is called the product of those
numbers. For instance 6 is the product of 2 and 3 and 100 is the product of 5 and 20.

Check this

What is the product of 6 and 30? Of 2 and –5 and 20?

Answers: 180 and –200.

Dividing negative numbers
The rules for division have to comply with those for multiplication. For example, because
4 × 5 = 20, 20 divided by 4 must be 5 and 20 divided by 5 must be 4. So the rules we have
already met for multiplication using negative numbers dictate the rules for division. For
instance, as 4 × (–5) = –20, we can deduce that (–20) ÷ (–5) = 4 and that (–20) ÷ 4 = –5.

EM1 � Numbers and symbols 7

Multiplying numbers

of the same sign gives a +
of a different sign gives a –

that is,
+ × + = +
+ × – = –
– × + = –
– × – = +



Notice that the rules for the sign of a division using negative numbers are just the same as
the rules for multiplication; that is, dividing numbers with different signs gives a negative
result, whereas dividing those of the same sign gives a positive result.

Check these

10 ÷ (–5) = (–2)

–100 ÷ 20 = –5

–28 ÷ (–7) = 4.

Dividing by 0
It is not possible to divide by 0. How can a quantity be split into 0 parts?

Alternatives to the ÷ sign
You may remember that division can be written in several ways. The division 8 ÷ 2 can also
be written 8

2
or 8/2 and the result is called the quotient. Writing a division in this way is

particularly useful when a whole expression needs to be divided by another whole
expression. For instance, the division of 80 – 20 by 5 + 10 can be written

80 20
5 10

−
+

Be especially careful about the exact length of the quotient line. For instance

1
5 3

2
+ +

(which equals 5) is crucially different from

1 5 3
2

+ +

(which equals 4.5).
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Dividing numbers

of the same sign gives a +
of a different sign gives a –

that is,
+ ÷ + = +
+ ÷ – = –
– ÷ + = –
– ÷ – = +
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1. Evaluate the following:
a. 6 + (–3) – (–4) b. (–3) + (–7) – 11 – (–8)
c. 0 – (–3) – (–1) – (–4) d. –4 + 3 – (–2)
e. –5 – (–2) + (–4)

2. Evaluate the following:

a. 6 × (–3) b. –4 × 5 c. (–8) × (–8)

d. 6 × (–1) e. (–5) × (–10) f. (–60) × (–2)

g. (–2) × (–60) h. What is the product of 2 and 20?

3. Evaluate the following:
a. 10 ÷ (–2) b. 60 ÷ (–15) c. –12 ÷ 6 d. –12 ÷ (–6)

e.
12
6

f.
12

6−
g.

−12
6

h.
−
−
12
6

4. Evaluate the following:

a. (–4) × (–3) × (–5)

b. (–4) × 3 × (–5)

c. (–1) × (–1) × (–1) × (–1) × (–1) × (–1)

d. (–1) × (–1) × (–1) × (–1) × (–1) × (–1) × (–1)

e. –1 × –5 × –10

f. –1 × –5 × 10

Solutions:

1. a. 7 b. –13 c. 8 d. 1 e. –7

2. a. –18 b. –20 c. 64 d. –6 e. 50 f. 120 g. 120 h. 40

3. a. –5 b. –4 c. –2 d. 2 e. 2 f. –2 g. –2 h. 2

4. a. –60 b. 60 c. 1 d. –1 e. –50 f. 50

W
O

R
K

C
A

R
D

F
O

R
1

A
N

D
2

1. Calculate the following:
a. (–20) – (–10 ) – (–5) b. 0 – 20 – (–10) + (–5)
c. (–1) – (–1) – 1 + (–1)

2. Evaluate:

a. 10 × (–5) b. (–2) × 6 c. (–5) × (–10) × (–3)

d.
−200
10

e.
200

10−
f. –2 × –2 × –2 × –2 × –2

g. –2 × –2 × –2 × –2 × –2 × –2 × –2

h.
−
−
60
3

i.
−40
8

j.
40
8−

k.
−
−
40
8A

S
S

E
S

S
M

E
N

T
F
O

R
1

A
N

D
2



The order of operations
Calculate 3 – 2 × 4.

It may look simple enough, but there is a snag. There are two ways to proceed and they
each give a different answer. You might have reasoned:

(i) subtract first to give 3 – 2 = 1 and then calculate 1 × 4 = 4 so the answer is 4

or you might have said

(ii) multiply first, so 2 × 4 = 8, and 3 – 8 = –5.

Which one did you do?
The answer depends on the order in which the calculations are performed – whether to

subtract or multiply first – and so longer expressions may have many more than two
alternative answers. This situation is unsatisfactory so we need some sort of rule which tells
us in which order to perform the operations.

The accepted rule is to multiply and divide first, performing calculations from left to right
and then add and subtract, also from left to right. So for the example above we should
multiply first, so the second answer, 3 – 2 × 4 = 3 – 8 = –5, is correct.

Let’s try 6 × 2 ÷ 4 + 1. The rule tells us to multiply and divide first, but there is both a
multiplication and a division here, so we must work from left to right. The multiplication
occurs before the division, so we multiply 6 × 2 first to give

12 ÷ 4 + 1,

then divide giving

3 + 1,

and finally do the addition,

= 4.

Check these

Remember to perform calculations from left to right if there is more than one
multiplication/division or more than one addition/subtraction.

EM � Essential maths10

4 × 8 – 6 ÷ 2 3 × (50 –10)
40 20
10 5

3
−
−







×

((75 ÷ 25) + 2 ) × 5

Solutions: 29, 120, 12, 25.

3 Combining addition, subtraction, multiplication and
division

Test box 3



− + × ÷ ×
= − + ÷ ×
= − + ×
= − + =

2 7 8 2 2

2 56 2 2

2 28 2

2 56 54

50 32 16 2

50 2 2

50 4 46

− ÷ ×
= − ×
= − =

Introducing brackets
Suppose we need to multiply 2 + 3 by 4 – 2. We cannot write this as

2 + 3 × 4 – 2

because applying the order of operations rule would give 2 + 12 – 2 = 12. To show that the
numbers must be processed in a different order we use brackets.

When part of an expression must be evaluated first it must be enclosed in brackets. So the
multiplication of 2 + 3 by 4 – 2 must be written (2 + 3) × (4 – 2). This indicates that we must
first calculate 2 + 3, and then calculate 4 – 2, and finally multiply the results 5 × 2 = 10.

As evaluating the expressions in brackets takes priority over anything else, we can extend
the rule for the order of operations to brackets, multiply and divide, add and subtract.

For example, to evaluate (9 – 2) × 10 – (2 × 3) we work out the brackets first to give

7 × 10 – 6

then multiply to give

70 – 6

and finally subtract to obtain

= 64.

When multiplying by a bracket it is usual to omit the multiplication sign. So (2 + 3) ×
(4 – 2) is written (2 + 3)(4 – 2) and 2 × (4 + 7) is written 2(4 + 7).
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The order of operations in evaluating arithmetic expressions is

Brackets
Multiply and Divide (from left to right)
Add and Subtract (from left to right)



Check these

6 4 6 4 2 3

6 2 6 3

12 6 3

72 3 69

( ) ( )

( )

( )

( )

− + +
= × − × +
= − × +
= − + = −

36 4 3 5

36 12 5

3 5 2

÷ × −
= ÷ −
= − = −

( )

Quotients can be written using brackets, for instance,

80 20
10 5

−
−

can be written (80 – 20) ÷ (10 – 5) because everything above the line of a quotient is divided
by everything below the line.

Sometimes more than one layer of brackets is necessary. Do not be put off by this. You will
find that you have to work out the inside brackets first and then proceed outwards. For instance

(6(1 + 4)) ÷ 10 = (6 × 5) ÷ 10 = 30 ÷ 10 = 3.

Authors and lecturers are sometimes helpful and use different symbols for different ‘layers’
of brackets. For instance {[(2 + 3) + 5] × 7}. As you will not always encounter this we have
often used only one symbol in our work.

Check this

10 2 6 3 4

10 2 2 4

10 2 8

10 10 100

× + ÷ ×
= × + ×
= × +
= × =

( ( ) )

( )

( )

In practice, brackets are often used to clarify expressions when they are not strictly
essential.
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1. Evaluate the following:

a. (20 – 5) × (4 – 2) b. 2 + (10 ÷ 5) × 3

c. 2 × (10 ÷ 5) × 2 d. 2 × 10 ÷ (5 × 2)

e.
10 20

4 2
+
−

f. 2 × 2 × (27 ÷ 3) + (1 – 20)

g. (4 × 2 × 2) + (5 × (–1))W
O

R
K

C
A

R
D

3
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1. Evaluate:

a. (40 ÷ 2) + (3 × 4) b. –5 + (–3) × 2 + 1

c. 6 ÷ (3 × 2) + 4 d. 3 × 3 × (6 ÷ 2) + 3

e. 3 × 3 × 6 ÷ 2 + 3 f.
3 6
5 2

+
−

g.
10 2
3 1

2
−

+
÷ −( )

2. Evaluate:

a. (21 ÷ 7) + (50 ÷ (5 × 2) + 1) b.
77 11

108 3 4
÷

÷ − ×( )

c.
40

6 2
3

5 21 7
6 4

48
16

5
+

+ − ÷
−

×











 +( )

d. 20000 1000 2 5 50
100
50

2/ ( ( ))− × × × 



















 −

e.
30 3 3

10 3
5

10 100
11

+ ×
+

+ × +

A
S

S
E

S
S

M
E

N
T

3
2. Evaluate the following:

a. 1 + 3 × (4 + (8 ÷ 2)) b. ((50 ÷ 25) × 8 ÷ (7 – 3)) × 3

c. 12 – (4 (8 × (6 – 4)) – 5) d.
18 2 3 4

4 14
× − ×

+
( )

( )

e.
18 3

4 3 36
4

÷
× −







×
( )

f. ( ) ( )− × ×





+ ÷






 +10

100
25

2 60 20 1

g. 1
2 2 4 5

2 11 22 2
+ × + ×

× ÷ ÷






( )
( ) ( )

Solutions:

1. a. 30 b. 8 c. 8 d. 2 e. 15 f. 17 g. 11

2. a. 25 b. 12 c. –47 d. –10 e. –1 f. –109 g. 23

W
O

R
K

C
A

R
D

3
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O
N

TI
N

U
E

D
)



4 Using a calculator

Test box 4

1. Use a calculator to evaluate:

500
1 2 20 34. ( )+

to 6 decimal places.

2. Express the following to 3 decimal places:

1.9755 10,002.9999 209.452 12.73 0.000123456

3. Express the numbers in question 2 to 3 significant figures.

4. Express the following in scientific notation:

12,000,000 0.00001254

5. By estimating roughly, do you think that

515 61
200

71
× =.

.

is correct?

Solutions:

1. 7.716049 2. 1.976 10,003.000 209.452 12.730 0.000

3. 1.98 10,000 209 12.7 0.000123 4. 1.2 × 107 1.254 × 10–5

5. Use rough estimates: 500 × 6 = 3000, divided by 200 gives 15, the answer doesn’t look
good.

Which sort of calculator?
You will need a fairly basic calculator with the usual +, –, ×, ÷ and also simple functions
such as 1

x
, x, x2, log and ln (natural logarithm), 10x, ex, xy. A memory would also be

helpful.

The order of operations on a calculator
Like any other invaluable tool a calculator is only as good as its operator – the modern
adage, ‘garbage in garbage out’ is extremely relevant here. The calculator will only produce
the right answer if you supply the numbers and operations in the correct order – which may
not be the order in which they are written.

Try to evaluate the following expressions using your calculator:

(20 + 30) ÷ 3

20 + (30 ÷ 3)

The answers you should have are 16.666666 and 30. To calculate the first expression you
need to enter 20 + 30 on your calculator and then divide by 3. For the second one you need
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to evaluate the bracket 30 ÷ 3 first and then add 20. We should add that some calculators do
provide bracket functions, which we suggest that you use with care.

Show your working
Think about the errors you make when you word-process, or type or write! These are usually
apparent when you read through later. It is just as easy to press the wrong key on a calculator,
but most machines won’t display all your inputs. It is therefore a good idea to write out your
intermediate workings and your train of thought for a problem and not just the final value the
calculator gives you. By doing this mistakes are easier to spot, your work is easier to follow –
for a colleague or for yourself later – and last but not least, if your answer is wrong but your
method is right you will still get most of the available marks in an exam.

Rough estimates
Always keep in mind the real problem you are solving.

Be critical of the answer your calculator gives you. Look out for percentage decreases that
are over 100, negative probabilities, or fractions when you expected whole numbers.

Other errors may be less obvious and so it is a good idea to perform a rough mental
calculation to get an idea of the magnitude of the solution.

To illustrate this, consider the following scenarios – and their solutions. Which ones seem
reasonable and which don’t? Don’t use a calculator.

Check these

1. A university has 6782 students, about half of which can be expected to visit a campus
catering outlet on any given term-time day. Lunches are £2–3 and coffee and a snack is
about £1. The total takings for a day over all outlets is £6142. Does this seem
reasonable?

2. At a bank there is a single queueing system and five cashiers. On average, during peak
hours a customer arrives every 32 seconds. The situation is modelled mathematically
(such models are called queueing models) to assess the effects of increasing or reducing
the number of cashiers on duty. The final result from the model shows that on average
76% of customers would have to wait longer than five minutes if there were 4 cashiers,
56% if there were 5 cashiers and 66% if there were 6 cashiers.

3. I earn $8.42 an hour and worked 96½ hours last month. My payslip for the month says
$585.19. Does this seem reasonable?

4. The interest I will earn on £6179 invested at a rate of 5% for the first £5000 and 7.2%
on the remainder over a year is given by

5000
5

100
1179

7 2
100

× + × .

Using a calculator I obtain £334.88. Does this seem right?

Solutions:

1. Working in thousands, roughly 4000 students will visit an outlet, and if an equal
number have coffee or lunch they will spend an average of about £1.75, making total
revenue for the day about £7000. The result is about right.
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2. The results are suspicious here as more cashiers should bring down the percentage of
people who have to wait longer than 5 minutes, whereas here the figure for 6 cashiers is
greater than for 5. Maybe the modelling procedure is inappropriate, or else a calculation
is erroneous.

3. Approximately $8 for roughly 100 hours should give me $800, so something is wrong.
In fact this wage is for 69.5 hours!

4. Yes, it seems reasonable. Say that the average rate of interest is about 6% and that the
sum invested is about £6000. We would expect the interest to be about

6000
6

100
360× = £

Rounding: decimal places and significant figures
When you use a calculator or computer to perform a calculation the machine will only
display a certain number of digits. The exact answer may need many more digits or even an
infinite number of them. For instance, when we divide 5 by 17 our calculator shows
0.294117647.

Numbers can be rounded to a particular number of decimal places (d.p.) or a particular
number of significant figures (sig. fig.).

The convention for rounding to a particular number of decimal places (d.p.) is that when
the first digit to be excluded is between 5 and 9, we round up, and when it is between 0 and
4 we round down. So, for instance, 3.625 expressed to 2 decimal places rounds up to 3.63,
and 3.624999 rounds down to 3.62. Remember to include 0s where appropriate. For
instance, 3.634999 to 4 decimal places is 3.6350, and to 5 decimal places is 3.63500.

A second way of representing numbers approximately is to write them to a particular
number of significant figures (sig. fig.). The left-most digit of a number is the most significant
as it is the digit that represents the greatest value, the next from left-most is the second
most significant and so on. So in the number 672.34 the ‘6’ represents hundreds and is
therefore the most significant figure, the ‘7’ represents the number of tens and is the second
most significant figure and so on.

To write a number to, say, 3 significant figures we use the three left-most digits, rounding
the final one if necessary. As when rounding to so many decimal places, if the first discarded
digit is 5 or more we round up and if it is between 0 and 4 we round down. For example,
6248.500052 to 3 sig. fig. is 6250, to 2 sig. fig. is 6200 and to 8 sig. fig. is 6248.5001.

Check this

What is 7,254,600 to 3 sig. fig., to 4 sig. fig?
What is 0.00652445 to 3 sig. fig., to 5 sig. fig.?

Solutions: 7,250,000, 7,255,000, 0.00652, 0.0065245.

Notice from the last example that any zeros after the decimal point but before the first
non-zero digit do not count as ‘significant’.

Most calculators display numbers to 8 or 10 significant figures.
In practice, the accuracy with which we need to record results depends on the

application. You do not see newspaper headlines reporting that the inflation rate is
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3.42534213%: it is usually given to just one decimal place; that is, 3.4%. A chemist
analysing a substance may have measuring equipment that is only accurate to 0.001g so it is
pointless to record the result to 6 decimal places. A statistical model that forecasts the
percentage dividend payable by a company for the next 10 years to 32 decimal places is
itself only an approximation, so it is meaningless to report the forecasts to more than
perhaps 1 or 2 decimal places.

So, common sense must prevail when deciding how many decimal places or significant
figures to give in the answer to a problem. However, it can be dangerous to round too much
during your calculations. Consider the following example.

Past records show that 8892 2cm tacks were manufactured at a cost of £13.16. A
management accountant needs to estimate the price at which the factory should sell a batch
of 20,000 tacks and reasons as follows.

Cost of manufacturing 8892 tacks is £13.16.

Cost per tack is
1316
8892

0001
.

£ .= rounded to 3 d.p.

A batch of 20,000 tacks therefore costs 20,000 × 0.001 = £20.

She concludes that if the factory sells a batch for £25 it will make a profit.
This is obviously an extreme example and we hope that you can see the source of error

here. The accurate calculations are Cost per tack is

1316
8892

.

so a batch of 20,000 tacks costs

20 000
1316
8892

2960,
.

£ .× =

so the factory would make a loss if it sold a batch for £25.
Computers and calculators perform all their calculations to a particular accuracy. When

you write out calculations by hand you may round your intermediate values to a different
number of decimal places and so your results may differ slightly from those of the machine.

Scientific notation
You may have noticed that when your calculator is faced with a very large or a very small
number it resorts to another notation called scientific notation. For instance, calculate
123,456,789 × 1234 on your machine.

Our calculator display shows

The small raised 11 means ‘multiplied by 10 to the power of 11’.
We will cover powers more thoroughly in Chapter EM2, but for now it is enough to know

that 10 to the power of 11 is written 1011 and means 10 multiplied by itself 11 times, or

10 × 10 × 10 × 10 × 10 × 10 × 10 × 10 × 10 × 10 × 10.

So the number above can be written 1.523456776 × 1011.
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To multiply a number by 10 you may recall that we just move the decimal point one
place to the right; for example, 1.523456776 × 10 = 15.23456776. So to multiply by 10,
eleven times, we move the decimal point 11 places to the right. The number represented
above is therefore 152345677600.0. Remember that this result is not likely to be exact as the
calculator only displays a certain number of significant figures.

Very small numbers can be represented using negative powers of 10. Again, these are
described in Chapter EM2. Multiplying by 10–5 is the same as dividing by 105 or 100,000.
We can do this by moving the decimal point 5 places to the left. So if the diameter of an
atomic particle is 0.000000000000000000014 mm it is much easier to write it as 1.4 × 10–20,
where multiplying a number by 10–20 equates to moving the decimal point 20 places to
the left.

EM � Essential maths18

1. Use a calculator to evaluate the following:

2415
5 150 11

.
( )+

42 2004
366 24

−
×

. 120 15
85 35

÷
+

2. Without using a calculator, decide which of the following answers are most
likely:

a.
312 42 7 54

21
. .×

= 112.17366 or 1.1217 or 0.01122

b. 112 articles are purchased at £5.42 and a further 62 articles at £2.42. The
total bill is £757.08, £1050.12 or £342.01?

c. I purchase 300 euros at an exchange rate of 1.5 euro to £1. This costs me
£200.00, £350.00 or £450.00?

d. In a traffic census at an accident black spot, 938 cars are seen to pass in an
hour. Of these, 300 are going at over 50 kilometres per hour (kph) and 638
are travelling more slowly. The average speed of these cars is calculated to be
36.4 kph, 51 kph or 16 kph?

3. Write the following to 3 decimal places:

1.9755 10,002.9752 209.452 12.73 0.00012456

4. Express the numbers in question 3 to 3 significant figures.

5. Express the following in scientific notation

12,000,000 0.00001254 9.999999999 999.999

6. Write the following numbers out in full

2.678 × 106 4.1 × 10–9 1 × 100

Solutions:

1. 0.03 0.0025 006. � (remember the �6 means that the digit 6 repeats forever – it’s
called 6 recurring).

2. Use your calculator to check a., b. and c. In d. the only reasonable answer is
36.4.
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3. 1.976 10,002.975 209.452 12.730 0.000

4. 1.98 10,000 209 12.7 0.000125

5. 1.2 × 107 1.254 × 10–5 9.999999999 × 100 9.99999 × 102

6. 2,678,000 0.0000000041 1
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1. Evaluate the following using a calculator:

312 101
427 215

×
−

.
. .

432 2 543 2 1017 2 5. ( . . )/ .− −

2. Say which of the following results seem sensible and explain why. Do not use a
calculator except to check your answer.
a. A leisure aircraft is owned by a Flying Group. The Group estimate that

maintenance costs are likely to be £1000 next year. The main running cost is
fuel which currently costs £0.7 per litre, but will be £0.95 per litre next year. Last
year the aircraft did 9000 km. Average fuel consumption is 2.9 km per litre. If
the 10 members of the Group are to share costs equally, the Treasurer suggests
that a suitable monthly cost per member which ensures that maintenance and
fuel costs are covered is £32.90, £44.12 or £12.10.

b.
111 20 5 107

302
+ × =( . . )

10.939, 1.0939 or 0.10939

c. I give myself a budget of $100 a day for my 8-day holiday. At the start of my
holiday I have £600 which I change into dollars at a rate of $1.57 = £1. During
the holiday I do not exceed my budget. At the end of the holiday I calculate
that I should have $40 or $142 or $10 left. (Ignore commission charges.)

3. Express the following to 4 decimal places

13.66666 –3.156 200,000.00001 156.99999 55.12345

4. Express the numbers in question 3 to 2 significant figures.

5. Write the following in scientific notation

3,000,051.0 0.0000009142 –102.01 4.14

6. Write the following numbers out in full

3.42 × 108 1.004 × 10–6 9.99 × 103
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5 Introducing letters and symbols

Test box 5

The total cost of a holiday for four friends comprises the cost of four return flights at $f
each and a charge of $70 per day for a rented cottage. Write down an expression for the
cost of the holiday for each person, if they go for d days.

Evaluate
2

1
st

s +
when s = 2 and t = 6.

Evaluate 3a + b, when a = 4 and b = 5.

Simplify
a
b

a
a
b

a+ − − +2 5 3

What is meant by ‘modelling’? Have you ever used a spreadsheet?

Solutions:

4 70
4

f d+
or f

d+ 70
4

, 8, 17, − + −2 2 4
a
b

a

See the sub-sections on ‘models’ and ‘using a spreadsheet’ below.

Why use letters and symbols?
Suppose we have £200 and wish to purchase some euros. The exchange rate is £1 = 1.5 euros
and for simplicity we will ignore any commission charge. Using a calculator we can work out
that the £200 will buy 200 × 1.5 = 300 euros.

That’s fine – but exchange rates fluctuate and not everyone wants to change exactly £200.
It would be much more useful to develop a general relationship between the number of
pounds, the exchange rate and the number of euros.

To obtain the figure of 300 euros we multiplied the number of pounds by the exchange
rate so the relationship we seek is

euros = pounds × rate

This relationship is valid for any number of pounds and any exchange rate. So to
calculate, for instance, how many euros we would obtain when the exchange rate is 1.9 and
we have £300 to spend we write out the relationship again:

euros = pounds × rate

but substitute 300 instead of ‘pounds’ and 1.9 instead of ‘rate’ to give

euros = 300 × 1.9

and so euros = 570. We would obtain 570 euros.
It is usual to use a single letter to represent each of the entities in a relationship. Letters

like x and y are often used but sometimes we use ‘meaningful’ letters like e for euros, p for
pounds and r for rate, in which case our relationship would be written

e = p × r
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However, it is common to omit the multiplication sign adjacent to symbols – just as we
omit multiplication signs next to brackets – and so we could write this as

e = pr

A relationship like e = pr is an equation (because it contains an = sign), or we could say
that the formula for the number of euros, e, is pr.

Once we have an equation or formula it can be used in different ways to solve a variety of
problems. For instance, suppose we know that we received 960 euros at the Bureau de
Change in exchange for £800, but we can’t remember what the exchange rate was.
Substituting e = 960 and p = 800 into the equation above gives

960 = 800r

We now need to solve the equation for the unknown quantity r. We will see how to do
this in Chapter EM3, but for now we will tell you that the solution is

r = =960
800

1 2.

so the exchange rate was £1 = 1.2 euros.
This currency example is relatively uncomplicated but it has demonstrated that symbols

are useful

(i) to represent the general relationship between the quantities of interest; and so
(ii) to enable calculation of one quantity from the others.

Using symbols to represent relationships
We now concentrate on how to turn information on the quantities of interest into
expressions involving symbols. There is no magic way of doing this but if you find it hard
we suggest that you break the task into two steps as follows.

1. Read through the information you have been given, but as you come across each
quantity, assign it a symbol. Make a written note of these.

2. Read through again, but as you read ‘translate’ each fact you are given into symbols.

We include some examples with commentary. Remember that multiplication signs are
usually omitted next to symbols.

Check these

1. It costs £2000 (the fixed cost) to set up a production run in a factory, and then a further
£5 (the variable cost per unit) for each item manufactured. Write down an expression
for the total production cost.

Solution:
On a first reading we realise that we need a symbol for the number of items manufactured
(say, n) and a symbol for the total production cost (say, C).

During a second read-through we make the following jottings, which culminate in the
desired expression for total production cost.
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Fixed cost 2000
n items at a cost of £5 per item 5 × n 5n
Total cost C = 2000 + 5n

2. A restaurant has two menus, a tourist menu at £8 and a gourmet menu at £15. Write
down a formula for the cost of the food for a party in which t customers have the
tourist menu and g customers choose the gourmet menu.

Solution:
The symbols t and g have already been chosen for us here, but we adopt C for the total
cost. Reading through we would write down something like

Tourist menu £8 t customers 8t
Gourmet £15 g customers 15g
Total cost is C = 8t + 15g

3. I want to organise a group of friends to hire a boat on the river for the day. The basic
hire cost is £60, but we must also pay for fuel which costs £5 an hour. Write down an
expression for the cost per person, C. (This might be of interest to establish how many
friends I need to ask to keep the cost per person down to a particular amount.)

Solution:
Suppose I ask n – 1 friends so there are n of us altogether, and hire a boat for h hours. The
total cost will be 60 + 5h, so the cost per person will be

C
h

n
= +60 5

Constants and variables
In many applications some amounts will be fixed – like the cost of fuel in 3 or the price of
the meal in 2. These fixed amounts are called constants. They are usually numbers, although
a symbol which represents a particular value, like p = 3.14159 (from the formula for the
circumference of a circle, 2πr, where r is the radius) is also a constant.

On the other hand, symbols that represent quantities that can change, such as the
number of people n, or the number of hours, h in 3, are called variables.

Evaluating expressions
Once you have an expression you will often need to calculate its value when the variables
in it take particular values.

For instance, suppose the amount of tax payable on a salary of S at a tax rate of t % is
given by

( )S t− 3000
100

If Paul earns a salary of £10,000 and the tax rate is 30% then he must pay

( , )
£

10 000 3000 30
100

2100
− × =

All we have done is replace the symbols in the formula with the values we are interested
in. This is called substitution.
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Check this

The amount of interest I receive on an investment of £P at r % interest over one year less a
management charge of £10 + 0.01P is

P r( )− −1
100

10

Calculate the amount of interest I would receive in the following cases

a. On an investment of £10,000 when the interest rate is 5%.

b. On an investment of £500 when the interest rate is 10%.

Solution:

a.
10 000 5 1

100
10 390

, ( )
£

× − − =

b.
500 10 1

100
10 35

× − − =( )
£

Models
Much of the work you will do for your degree and beyond will require you to build
financial, accounting and economic models. By a model we usually mean one or more
equations which represent the real-life situation.

The advantage of a model is that it allows us to answer ‘what if ...’ type questions,
without changing the real system. We illustrate this with a simple model for a clothing
manufacturer’s business.

Suppose it costs $10,000 to design a particular item of ladies clothing, and the unit
production cost is $15. We might model the profit as

Profit = price × number sold – (10,000 + 15 × number manufactured)

The model enables the manufacturer to calculate the profit for a variety of values of the
unknown variables (price, number sold and number manufactured) so that he may choose
the values for price and number manufactured that give the highest profit. (He is not likely
to have any control on the number sold.)

A model does not pretend to be exact. It will often be based on (and only as good as) a
series of assumptions that the modeller makes (and should state), but the hope is that the
model is a reasonable approximation to the real situation.

A model may be as complex or as simple as we like. For instance, the model above makes
the assumption that the number sold is unaffected by the price. It would probably be more
realistic to assume that as the price increased the number of sales decreased. This could be
built into the model by introducing another relationship, for instance

number sold = 1000 – (10 × price)

and the two relationships could be used together to find the best price and number to
manufacture.
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Using a spreadsheet
For those of you who are not familiar with spreadsheets, they are a type of computer
software that comprises a grid of numerical quantities and the relationship between them.
They have become a useful tool for building models in accountancy, business, finance and
elsewhere.

The rows of a spreadsheet are numbered 1, 2, 3, ..., etc. and columns are labelled A, B,
C, ..., etc. so that each cell of the grid is uniquely identified by a letter and a number like
A1, B23 or E2.

Into a cell of a spreadsheet the user can either enter a number – in which case the cell
always takes that value – or an expression giving the relationship between the current cell
and the others. For instance, if I would like the total of cells E12 and E13 to appear in cell
E14 I would enter the expression

= E12 + E13

into cell E14. The exact format of this expression may differ depending on the spreadsheet
package, but the principle is always the same.

Spreadsheets are programmed so that when a value in a cell is changed, all the values
elsewhere in the spreadsheet, which are influenced by that cell’s value, will be changed
automatically. Thus, ‘what if ...’ questions can be answered by trial and error.

The spreadsheet screen can show two modes – one which shows the symbolic expressions
in each cell and the other which gives the numerical values implied by these.

A simple spreadsheet which calculates student marks is shown below.

A B C D E F

1 student c w 1 % c w 2 % overall c w exam % overall %

2 Catherine 58 66 = (B2+C2)/2 77 = 0.2*D2+0.8*E2

3 Sylvia 82 70 = (B3+C3)/2 45 = 0.2*D3+0.8*E3

4 Malcolm 55 45 = (B4+C4)/2 76 = 0.2*D4+0.8*E4

5 Dennis 78 70 = (B5+C5)/2 60 = 0.2*D5+0.8*E5

6 Veronica 90 82 = (B6+C6)/2 74 = 0.2*D6+0.8*E6

7 Gillian 60 62 = (B7+C7)/2 58 = 0.2*D7+0.8*E7

8

9 average = (F2+F3+F4+F5+F6+F7)/6

20% of the marks on a Maths course can be gained from coursework and 80% from the
exam. The two pieces of coursework carry equal weight and are each marked out of 100. A
spreadsheet which calculates and displays the overall coursework mark and the overall
marks of each student, and calculates the class’s average mark is shown above in formula
mode. Notice that the expressions for the overall coursework marks require brackets.

The same spreadsheet in ‘values’ mode is shown below.
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student c w 1 % c w 2 % overall c w exam % overall %

Catherine 58 66 62 77 74

Sylvia 82 70 76 45 51.2

Malcolm 55 45 50 76 70.8

Dennis 78 70 74 60 62.8

Veronica 90 82 86 74 76.4

Gillian 60 62 61 58 58.6

average 65.63

In this book we will make use of a spreadsheet program, Microsoft Excel, particularly for
Statistics and Business Modelling.
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1. Write down expressions for the following. Start by naming the variables you
need.
a. The cost of an m metre length of a roll of carpet when the width of the roll

of carpet is 4 m and the cost per square metre is £12.
b. The cost of a group’s meal at a pizzeria, when pizzas are £4 each and bottles

of wine £7. No other food or drink is available.
c. The amount a gardener earns in a week when he charges £5 per hour for

manual work like weeding but £8 per hour for skilled gardening work.
d. The net amount given or charged to me in one month by my bank when

they give me 5% interest on my average balance over the month, but charge
me 30p per debit transaction.

e. The cost of petrol for a journey of L miles when my average fuel
consumption is 30 miles per gallon and the cost of fuel is £p per litre. Assume
there are 4.54 litres in a gallon.

2. Salaries in a computer consultancy firm are calculated according to the
following formula.

S = 8000 + 300(A – 20) + 1000Y

where A is the age of the employee in years, and Y is the number of years of
experience they have in computing.

What will an employee’s salary be if she
a. Has just graduated at 21 with no work experience?
b. Left school at 16 and has worked in computing for 4 years until today?
c. Is now 60, but took up Computing work at the age of 52 for the first time?

3. A company has lent a sum of £P. It is to be repaid at r % interest in one year’s
time. The company calculates that the prevailing market interest rate is i%, so
the present value to the company of the repayment is
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P r

i
=

+

+

( )1

1
100

100

Find the present value in each of the following cases:
a. The loan is £10,000 at 8% interest and the market interest rate is 10%.
b. The loan is £15,000 at 12% interest and the market interest rate is 10%.
c. The loan is £20,000 at 5% interest and the market interest rate is 5%.

Solutions:

1. a. 48m b. 4p + 7w c. 5m + 8s d. 0.05A – 0.3D

e.
L

30
× 4.54p (L is length of journey in miles)

2. a. 8300 b. 12,000 c. 28,000

3. a. £9818.18 b. £15,272.72 c. £20,000.
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1. Write down an expression for the floor area of a two-room flat when the first
room has one and a half times the width and twice the breadth as the second.
Start by naming the variables you are going to use.

2. I want to buy some Botswana pulas and the exchange rate is 8.25 BWP = £1 if I
buy them abroad using a credit card or 8.5 BWP = £1 for a cash transaction at a
Bureau de Change. The credit card company will charge me 2.3% commission on
a credit card transaction whereas a Bureau de Change charges 2% commission
plus a fee of £3.

Write down an expression for the cost (including commission) of buying a
particular number of Botswana pulas (a) by credit card and (b) from a Bureau de
Change.
(i) Evaluate each of these expressions for 700 BWP, 800 BWP and 1000 BWP

respectively.
(ii) Hazard a guess as to the number of pulas you would have to buy for the

cost to be the same whether you use a credit card or cash. (To be continued
later!)

3. A leisure aircraft is owned by the Broadland Flying Group which has 10
members. The costs of keeping the aircraft comprise maintenance costs
(including insurance) and the running cost which is mainly fuel. Average fuel
consumption is 9 miles per gallon.

If the 10 members of the Group are to share costs equally, write down a
formula to enable Gordon the treasurer to calculate the annual cost for each
member if the aircraft travels n miles in a year, incurs maintenance costs of £M
and fuel costs £3 a gallon.
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Working with symbols: adding, subtracting, multiplying,
dividing

Test box 6

Simplify the following by collecting like terms:

3pq + 2q + 2pq

Write the following expressions more succinctly:

3 × (–2p) × 2 × p 2 ⋅ 3 ⋅ 5

Solutions:

5pq + 2q

–12p2 30

To construct models and solve equations we need to know how to manipulate symbols. This
need not be a problem if we remember that the symbols merely stand in for the numbers and
so can be treated in exactly the same way. In this section we recall the work of Sections 1–3,
but apply it particularly to expressions containing symbols.

Negative symbols
The rules for adding, subtracting, multiplying and dividing numbers apply equally well to
symbols. We can summarise these rules as

EM1 � Numbers and symbols

4. Consider the model for the clothing manufacturer

Profit = price × number sold – (10,000 + 15 × number manufactured).

Set up a spreadsheet to investigate the profit, when the selling price is £18, for a
range of values for the number sold and the number manufactured. Comment
on your results. Adapt your spreadsheet to investigate how many items must be
manufactured in order to break even (make a profit of 0) assuming that the
number sold is the same as the number manufactured.
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Adding and subtracting

SAME SIGNS
– (–a) or + (+a) gives +a

OPPOSITE SIGNS
+ (–a) or – (+a) gives –a

where a is any number, symbol or expression.



Check these

2 + (–a) = 2 – a

3 – (–a) = 3 + a

2 × (–a) = –2a

(–3) × (–a) = 3a

(–b) × c = –bc

(–c) × (–a) = ac

p
q

p
q−

= − a
a

= 1
−
−

=x
x

1
− = −a
a

1

Addition and subtraction: collecting ‘like terms’
Because a + a + 2a means one ‘a’ plus one ‘a’ plus two ‘a’s the terms can be collected
together and written as 4a. We can do this because each term is the same apart from the
number – called the coefficient, which it is multiplied by. It is just like saying that ‘one
banana plus another banana plus another two bananas gives four bananas’.

Even when we have more complicated terms we can collect them together as long as they
are the same. For instance

2pq + pq – 5pq

simplifies to –2pq, or

s
r

s
r2

4
2

+
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Multiplying and dividing

SAME SIGNS
multiplying a × b = ab

(–a)(–b) = ab

dividing a ÷ b =
a
b

and ( ) ( )− ÷ − = −
−

=a b
a
b

a
b

OPPOSITE SIGNS
multiplying a × (–b) = –ab

(–a) × b = –ab

dividing (–a) ÷ b =
− = −a
b

a
b

a ÷ (–b) =
a
b

a
b−

= −



is equivalent to

5
2
s
r

as each term is so many

s
r2
s

Notice, however, that we can’t collect together any terms in

3pq + p + q

as they are all multiples of different things – we can’t add 3 bananas, an orange and a
grapefruit!

Often just some of the terms in an expression can be collected together. For instance,

pq + 2p + 5pq

simplifies to 6pq + 2p.

Check these

Where possible, simplify the following:

5rs – 3rs + rs

All the terms involve a number of rss, so the expression simplifies to 3rs.

9pq + 4q – 5pq – q

The pq terms can be collected to give 9pq – 5pq = 4pq, but the terms in q must be collected
separately to give 4q – q = 3q. So the expression simplifies to 4pq + 3q.

3
2

2
2

5
2

a a a− +

All the terms involve a number of a
2
s, so the expression simplifies to 6a

2
.

We will see later that this can be simplified further to 3a.

2xz + 5zx – 3z

You should spot here that xz is the same as zx (as the order in which we multiply doesn’t
effect the result), so we can collect together 2xz + 5zx to give 7xz. The whole expression
simplifies to 7xz – 3z.

In the last example it would have been easier to spot that 2xz and 5zx could be collected
together if the xz and zx terms had been written in the same way. It is therefore a good idea
to write letters that are multiplied together in alphabetical order. This is one of the
suggestions below.

Some conventions for multiplying
1. We have already said that there is no need to include a multiplication sign ‘×’ next to a

bracket or next to a symbol. As a consequence, whenever letters or brackets appear
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adjacent to each other a multiplication sign is implied. For instance 2ab (c + d) means
2 × a × b × (c + d).

2. We can’t just drop the multiplication sign when multiplying two or more numbers as we
wouldn’t be able to tell when one number finished and the next one started. For example
357890 might mean 35 × 7890 or 3 × 57 × 890 or many other possibilities. Instead we can
shorten expressions by writing a slightly raised dot instead of the × sign. So 357 × 8 × 90
could be written 357 ⋅ 8 ⋅ 90.

3. When a number is multiplied by a letter it is conventional to write the number first so,
for instance, we write 5n instead of n5.

4. When a mixture of numbers and symbols are multiplied together, it is more succinct to
multiply the numbers together so, for instance, instead of 4 × p × q × 2 we would write
8pq.

5. When several symbols are multiplied together it is usual to write them in alphabetical
order. This means that ‘like’ terms can be spotted easily. So cad × 2 would more usually be
written 2acd.

6. When a number or symbol is multiplied by itself we say it is ‘squared’, and we usually
write the number with a 2 superscript. For instance, 32 is called ‘three squared’ and
means 3 × 3. In a similar way (ab)2 means (ab) × (ab).

Check this

Check that you understand what the following expressions mean

1. 3p(2 + a)
100
rc

2 3 4⋅ ⋅
ax

100
3 2 1

pq
⋅ ⋅

a b

c

2

2

Write the following expressions more succinctly

2. y × z × 2 × a 3 × b × a × 2 a × 2b × 5

Solutions:

1. Writing out these expressions in long-hand using × for multiplication gives: 3 × p × (2 + a),
100 ÷ (r × c), (2 × 3 × 4) ÷ (a × x), (100 × p × q) ÷ (3 × 2 × 1), (a × a × b) ÷ (c × c)

2. 2ayz, 6ab; remember that this is a × 2 × b × 5, giving 10ab.

Can I do this?
There are many more techniques for working with symbols and some will be considered in
Chapter EM2. However, if you are in doubt as to whether two expressions are equivalent
you can always evaluate both of them for some arbitrarily chosen numbers and see if the
results are the same.

For instance, suppose you are unsure whether p × q is the same as q × p. (We have picked
an easy one to start with – we have already said that this is true.) If, for example, p = 2 and
q = 1, then p × q = 2 × 1 = 2 and q × p = 1 × 2 = 2, so the expressions are equal for these
values. Now try p = –5 and q = 2, putting a negative number to the test, and we have p × q =
– 5 × 2 = – 10 and q × p = 2 × –5 = –10 which again are equal.

Be warned, however, that ‘trying out’ values like this does not constitute proof that the
expressions are equal – you may just have been lucky and by chance selected values that
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worked. If the two expressions are not equal for the values you have chosen, then this does,
however, prove that they are not equivalent expressions.

For instance, is it true that

m n
n
+

is the same as m? Try some values for m and n to see whether this is true or not before you
read on.

Check this

Is
m n

n
+

the same as m?

Solution:
We’ll choose m = 100, n = 5 first. When we evaluate the two expressions we obtain

m n
n
+ = =105

5
21

whereas m = 100. No, this does not work. We don’t need to try any more values for m and
n as we only need to find one counter-example to show that the two expressions are not
equal.
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1. Simplify, by collecting like terms where possible
a. b + b + b + a + a
b. p + q + 2pq – q + 3qp
c. 2p + 2q + p + pqr – 2pqr

d. 2 2 3
x
y

x x
x
y

+ − +

2. Write the following expressions more succinctly

a. 2 × n × 3 × m b. pq × rs × 3

c. a ⋅ 2 ⋅ 10 ⋅ zb d. (z × y) × (2 × w)

3. You dimly recollect from your school career that it is valid to ‘cancel down’ and
that

2
2

a
b

is the same as
a
b

.

Try out some numbers to see if this seems to be the case or not.

4. Is it true that

1 2
2

1+ = +a
b

a
b

?

W
O

R
K

C
A

R
D

6
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Solutions:

1. a. 3b + 2a b. p + 5pq c. 3p + 2q – pqr d. 5
x
y

x−

2. a. 6mn b. 3pqrs c. 20abz d. 2wyz

3. Try for instance a = 5 and b = 10, 2a = 10 and 2b = 20, so

2
2

10
20

0 5
a
b

a
b

= = =.

so it works. Now try one or more negative numbers, say a = –1 and b = 3; then

2
2

2
6

1
3

a
b

= − = − and
a
b

= − = −1
3

1
3

so again it works. In fact it is true and we cover it in the next section!

4. No it is not true. Try for instance a = 1, b = 2; then

1 2
2

3
4

+ =a
b

whereas
1 2

2
1

+ = =a
b

which is clearly different.
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1. Simplify by collecting like terms:
a. 3x – 2xy + 3y + 3xy
b. p – 2q – 2q2 + q2 – 3p2

c. 3
2

2
2

3⋅ + − +a
b

a
a
b

a

2. Write down the following expressions more succinctly:

a.
f b

e d
× × ⋅
× ×

2 3
2

b. (c × b) × (a × d) × 3

3. Investigate whether a(b + d) is the same as ab + d.
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Index

µ see mu
χ2 see chi-squared distribution
Σ see sigma

A AND B event 344–9
A OR B event 344–9
ABC classification 753
absolute value 458
accrued interest 172–3
activity 726

float 736
preceding 730

addition of fractions 40–6, 54
additive model 627, 633,

635–9
aggregate indices 316–318
alternative hypothesis 533–45

contingency table 689
linear regression model

588–9
one- and two-sided 545–6
and rejection regions

556–60
testing for mean 549

AND events 344–9
AND probabilities 360–7
annual percentage rate 760
annuities 783

discount rates 783
present values 783

arrival rate 857
assignable causes, quality

control 822
association, test of 689
averages, see also expected value

run length 833

back ordering see backlogged
demands

backlogged demands 749–51,
753

bar charts 271–4
base 2 logarithms 169
base 10 logarithms 169
base e logarithms 229–33
base periods 315
base values 314–15
base-weighted index 317
bases, logarithms 162–71
batch size 744–5, 749
binary data 673

and categorical data 686–7
binding constraints 716, 717
binomial distribution 398–415

cumulative probabilities
405–6

mean 408–9
normal approximation to

471–6
plots 409–11
probabilities 399–406
probabilities, using a

computer 408
simulation 853–4
summary 411–12
tables of probabilities 406–8,

862–6
variance 408–9
when n is large 471–8

brackets
expanding 57–64
introduction 11–12
layers of 12
multiplying out 57–64
products of 61–4

break-even analysis 199–201
budget constraints, linear

equations 147
business modelling 703–860

calculators 14–19
decimal places 16–17
estimates 15–16
ln key 165
log key 165
logarithms 165, 166
operations, order of 14–15
powers 88
rounding 16–17
scientific notation 17–18
significant figures 16–17
to calculate variance 306

calculus see differentiation
cancelling fractions 34–40
car-wash, simulation 841–4
categorical data 217, 672–98

binary data 686–7
chi-squared test 681–98

formulae 702
p-value 686
population proportion

674–80

cells, spreadsheets 24–5
centre line

control chart 822–34
p-chart 832
R-chart 831

centred moving averages 628,
630–2

Chebysheff’s result
for data set 301–2
for random variable 394

chi-squared distribution
682–3, 873

chi-squared test 681–2
and independence 691–2
software 686, 692

classes 257
frequency 319
width 261–5, 318–20

co-ordinates, straight lines
134–5

coefficient of determination
578–80

coefficients 136
of least squares line 577–82
in linear equations 136–45
in quadratic functions

195–6
columns, spreadsheets 24
combinations 399–402
combining events, probability

344–52
common denominator 42–6
common factors 38
comparing population means

649–65
comparing two populations

649–70
complementary events,

probability 338–40
compound interest 759–65

curve 212–13
non-annual 760–5
summary 764–5

computers 255, 263–75
computer software see Excel,

SPSS statistical software
conditional probabilities

352–60
calculating 353–5
dependent events 356–7,

364–5



independent events 356–60,
364–5

terminal node 369
on a Venn diagram 353–4

confidence interval for
proportion 674–6

confidence intervals for
difference between two
means 651–3, 659–60,
664–5

computer, on a 667–8
confidence intervals for the

mean 505–24
on a computer 520–1
interpretation 509–10
large samples 520
summary 520
and two-sided tests 546–7
variance known 505–16
variance unknown 516–21

confidence limits 508–9
constants 22
quadratic functions 194
constraints, linear programming

707–13, 715–20
contingency tables 281–2, 689

categorical data 689–702
chi-squared test statistic

689–92
expected frequencies 689–92
observed frequencies 689–92

continuous compounding curve
213

continuous distributions 438
continuous random variables

377–8
expected value 436
exponential 440–1
probability distributions for

428–30
uniform 434–6
variance 436

control charts
2-sigma 824
3-sigma 824
attributes 832–3
centre line 822–33
control limits 822–33
designing 833–4
for mean 820–37
for proportion 832
P-charts 830–3
R-charts 830–1
software 826–7
and testing 824
for variance 823, 832

control limits 822–34
2-sigma 824–5

3-sigma 824–6, 832, 833
calculating 823–4

controlling quality 820–37
convergence, geometric series

778
correlation 277, 563–610

coefficient 566–71
sample 566–71

costs, inventory system
744–53

courses of action, alternative
790–2, 794

crashing, project planning 738
critical activities, project

planning 736–8
critical paths, project planning

737–8
crossing points, quadratic curve

195
cube roots, powers 86–7
cumulative binomial

probabilities 405–8
tables 862–6

cumulative normal probabilities
451–2

cumulative standard normal
probabilities, tables 867–8

current-weighted price index
316

curve sketching 217–18
curved graphs 148–9
curves

common functions 203–7
compound interest 213
continuous compounding

213
gradient of 221–8
inflexion point 248–50
maxima/minima 246–52
production 213–14
quadratic functions 192–208
sales 215
tangent of 222–4
turning/stationary points

242–53

data
binary 673–4, 686–7
categorical 271–4, 674,

686–7
describing 256–326
distribution of 257
grouped in classes 318–22
numerical 271, 673
misrepresentation of 286–9
paired 277–85, 563–84, 663–5
pictures of 256–66
qualitative 271

quantitative 271, 673
sequential 271, 278
summarising 291–326

data set see data
decimal places, calculator 16
decision analysis 790
decision making 789–819

courses of action 790
criteria 797–803
objective 790–2

decision trees 804–18
branches 805
drawing 805–12
nodes 805

decision variables, linear
programming 707–8,
711–20

demand
Economic Order Quantity

744–53
elasticity of 237–9
inelastic 239

denominator 35
density functions 427–38
dependent events 356, 364–5

joint probability of 363
dependent variables, regression

577
derivatives 225–54

interpretation 234–40
notation 226–7
second 245–52
see also differentiation

describing data 256–326
descriptive statistics 481–2
deterministic models 841
differentiation 221, 225–54

of a difference 230–1, 233
and gradients 225–6
of a logarithm 229–30, 232
of a multiple 231–2
notation 226–7
summary 232–3
of a sum 230–1, 233

discount rate 767–72
discrete random variables

377–9, 427–8
probability distribution 430

discrete uniform distribution
854

distributions see also probability
distributions

of a set of data 257
of a population 490–1
sampling distributions 495
skewed 295–6

division
by zero 8, 106

Index 875



of fractions 46, 50–3
of powers 75–7

dummy
activity 728–35
logical 728–9
uniqueness 730

earliest event times 733–6
Economic Order Quantity

(EOQ) 744–55
backlogged demand/back

ordering 749–51, 753
batch size 744, 749
demand 744–52
formula 745, 751
lead time 749
reorder level 749
shortages/stock out 749
variability coefficient 752–3

effective interest rate 760–5
elasticity of demand 237–9
EOQ see Economic Order

Quantity
equations

equivalent 101–4
formulation of 94, 97–8,

108–11
guessing solutions 97–101
linear 135–8, 147–56
for problem solving 93–132
rearranging 111–14
solution of 97–100, 108–11
straight lines 133–7, 143–4,

151
subject of 112–15
substitution 95–6, 111,

118–20
transposing 112–14

equivalent fractions 34–40
error sum of squares, in

regression 577–82
errors

forecasting 619–26
in hypothesis testing 534–7
Type I error 535–7
Type II error 535–7

estimates see also estimation
rough 15–16

estimation 483–524, 699
of difference between two

means 651–3, 659–60,
664–5

of linear regression model
586–7

of multiple linear regression
model 603

of population mean and
variance 491–2

of process mean and variance
825–6

of trend 632, 633–7
event times

project planning 733–6
simulation 842–4, 849, 856

events
A AND B 344–9
A OR B 344–9
combining 344–52
complementary 338–40
dependent 356, 363–5
independent 356–65
mutually exclusive 348–9,

357
Poisson distribution 415–17

Excel software 255
bar charts 274
basic statistics 311
binomial probability 408
chi-squared test statistic 692
comparing population mean

668
exponential forecasting 623
exponential probability 447
frequency distribution 265
generating probability

distributions 855–6
generating random numbers

848
histogram 265
internal rate of return 771–2
least squares line 581
linear programming 715–17,

718–20
linear regression model

592–4
moving averages 632
net present values 771–2
normal probability 468
payments, series of 784–5
pie charts 274
Poisson probability 421
sample correlation 571
sampling 488
scatter plots 278
time series plots 278

expanding brackets 57–64
expectation see expected value
expected frequencies

categorical data 680–8
contingency tables 689–92

expected value 384–7
compared with x 387
of a continuous distribution

436–8
of difference between means

650–1

of a function of X 388–9
as long run average 384–5
of sample mean 496–7
of X2 387–8

expected value criterion
798–801, 812–14

exponential distribution
440–8

mean 443
and Poisson distribution

441–2
probabilities 444–7
probabilities using a

computer 447
simulation 854
variance 443

exponential smoothing 619

F test 606
factorial 401
factorising 64–9

benefits of 65
quadratic equations, to solve

179
quadratic expressions 66–9

factors 64
common 38

feasible regions, linear
programming 710–15, 720

final nodes, project planning
728

fixed order quantity 117
fixed-increment time-advance

mechanisms 849
floats, project planning 736
forecasting

additive model 644–5
errors 619–23
estimating trends 633–4,

635–6, 639
exponential 617–24
four period moving average

628–31
mean absolute error 619–26,

633–5, 641–2, 646
mean squared error 619–26
moving average 628–33
multiplicative model 645
notation 616–17
seasonal effects 627–44
seasonal indices 633–7, 639
seasonally adjusting series

637–8
smoothing constant 618–19,

622–3
trend and seasonal effects

627–44
formulae 21

Index876



categorical data 701–2
combination 399–400,

403–5
compound interest 759, 763
correlation 700
Economic Order Quantity

745, 751
expected value 385
forecasting 701
linear regression model 586
normal distribution 449
Poisson distribution 417
present values 767, 772
probability summary

479–80
quadratic equations 176–9,

183
quadratic functions 175
regression 700–1
sample correlation 571
sample mean 306
statistics summary 699–702
testing hypotheses 700
variance 306

formulating
equations 94, 97–8, 108–10
inequalities 123–9
linear programming models

707–8, 717–20
four period moving averages

628–31
fractional powers 85–90
fractions 34–56

addition of 40–5, 54
cancelling 38–9, 48–50, 52
common denominator 42–5
division of 46, 50–3
equivalent 34–40
lowest common denominator

of 42–5
lowest terms 37–40
multiplication of 46–51, 52,

54
operations, order of 54
quotients 35
reciprocals 51
simplest terms 37–40
subtraction of 40–5, 54

frequencies 258, 272, 319
on a computer 263–4
expected 681
observed 680
relative 258

frequency distribution 265
functions 189–91

curved L-shaped 206
demand 241
expected value of 388–9

inverse 165–6
linear 134–7, 191
marginal product of labour

236–7
marginal revenue 235–6
maxima/minima of 221
non-linear 189, 196–223
objective 707–13, 715,

720–1
turning/stationary points

250
see also quadratic functions

Gantt charts 737–8
geometric ratios 776, 779
geometric series

present values 781–2
sums accrued 776–9

global maxima/minima 242–5
gradient

of a curve 221–8
and derivatives 226
and differentiation 227
negative 143
positive 143
of straight line 141–44
and tangents 223–4

graph sketching 134–8
functions 192–224
quadratic functions 196–9
straight lines 137–9

grouped data 318–24

histograms 257–65
class width 261–3
number of classes 263
and probability density

functions 430–2
and relative frequencies

257–65, 271–5
skewed distributions 260,

265, 269, 295–7
software 263–5
symmetric distributions

260, 295–7
holding costs 744–7, 750–1
hypotheses 527–8, 533
hypothesis testing see testing

imaginary solution to equation
177

independence, test of 691–2
independent events 356

joint probabilities for 361–5
and mutually exclusive events

357
independent variables,

regression 577

index numbers 314–17
indices

aggregate 316–17
constructing 314–15
powers 70–91

inelastic demand 239
inequalities 123–32

applications of 124–5
rearranging 125–8, 171–2
signs 123

inferential statistics 481–3
inflexion point 248–50
initial conditions, simulation

843
inputs, simulation 841–47
instalments, loan repayment

781–2
integer programming 713
inter-arrival times 842–4, 856
inter-quartile range 309–10
intercepts, with y axis 140–1,

144
interest rates

annual percentage rate 760
discounting 767
internal rate of return 770–2
net present value 769–72
nominal 760
present value 767–74
principal 758

internal rate of return (IRR)
770–2

for series of payments 784
software 771–2

interpolation 309
interval estimates 505–15

see also confidence intervals
inventory control 742–56

ABC classification 753
batch size 749
costs 744–53
holding costs 744–7, 750–1
lead time 749
ordering costs 744–7
set-up costs 744–7, 750
shortage costs 744, 749–51
unit costs 744–53
see also Economic Order

Quantity
inverse functions 165–6
inverse normal probabilities

455
IRR see internal rate of return
isolating trends

centred moving average
628, 630–2

regression 632–3
iterative method 715
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joint probability 344
calculating 360–7
of dependent events 363–4
for independent events 361–4

Laspeyre price index 316
latest event times 733–7
lead times, Economic Order

Quantity 749
leaf units 267–70
least squares line 574–582

coefficient of determination
577–82

dependent variable 577
error sum of squares 577–82
errors 575
estimates 575
fitting 575
prediction 576
regression sum of squares

577–82
software 580–1
summary 582
total sum of squares 577–82

linear functions 135–6
linear equations

budget constraint 147
coefficients 136–9, 147–8
modelling 146–9
pairs of 150–7, 711
simultaneous 150–1, 156
solving pairs of 151–4, 156
and straight lines 135–7,

151–3
supply and demand models

146
types of solution 154–6

linear programming models
binding constraint 716, 718
constraints 707–13, 716–23
decision variables 707–8,

712–20
feasible region 709–15, 720
graphical solution of 708–11
iterative method 715–16
limitations of 712–13
non-binding constraint 716,

718
non-negativity constraint

708, 718
objective function 707–8,

710–12, 715, 720
optimal solution 711–12,

715, 719–20
optimisation 711–12
problem formulation 707–8,

717–19
sensitivity analysis 719–20

simplex method 715
simultaneous equations 711
software 715–16, 718–19
unbounded solution 712
unique optimal solution 712

linear regression model
585–606

assumptions 585–6
and correlation 580
estimating 586–7
F test 605–6
interpretation 588
multiple 602–6
prediction 588
simple 585–601
software 592–4, 603–6
summary 594–5
testing 589–92
for trends 632–3

ln key 165
loan repayments 781–2
local maxima/minima 242–5
log key 165
logarithms 161–74, 182–3

bases 162–71
on calculator 165, 166
differentiation of 229–30,

232
evaluating 163–4, 166
inequalities 171–2
inverse function 165–6
manipulation of 164–5, 167
and powers 165–6
solving equations 168–72

logical dummy activities,
project planning 728–9

logs see logarithms
lower control limits

control chart 822–33
p-chart 832–3
R-chart 830–1

lower quartiles 309–10
lowest common denominator

42–5
lowest terms, fractions 37–40

MAE see mean absolute errors
manipulating logarithms 164–7
marginal functions 234–7
marginal product of labour

function 236–7
marginal revenue function

235
market equilibrium 156–7
matched data see paired data
maxima

global 242–4
local 242–4

second derivatives 245–6
maximax criterion 797
maximin criterion 797–8
maximising 242–53
mean

on a computer 311
of data in classes 320–1
of population 491
of random variable 385–7
of sample 492
of a set of data 293
see also expected value

mean absolute error (MAE)
578–9, 619–26, 633–5, 646

mean squared error (MSE)
619–26

median 293–8, 320
minima

global 242–4
local 242–4
second derivatives 245–6

minimax regret criterion 798
minimising 242–53
MINITAB statistical software

255
minus numbers see negative

numbers
mode

of data 295–6, 298, 320
spreadsheets 24–5

moving average 638–31
centred 628–32
forecasting 629–32

software 632–3
MSE see mean squared error
mu (µ) 385

and sample mean 387
multiple linear regression

602–6
assumptions 602
interpretation 604
test statistic 606

multiples, differentiation of
231–3

multiplication
brackets 57–64
by zero 106
fractions 46–50, 51–2, 55
powers 72–4, 77

multiplicative model 627,
633–5, 639, 645

mutually exclusive events
348–9, 357

Venn diagram 349

negative
gradient 143
powers 72, 77
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negative numbers
addition 4–6
division 7–8
multiplication 6–7
sign conventions 7
subtraction 4–6

net present value (NPV)
769–72

of series of payments 784
software 771–2

networks, project planning
727–41

next-event time-advance
mechanisms, simulation
849

nodes
project planning 727–41
tree diagram 368–9

nominal rates of interest 759–60
non-annual compound interest

effective rate 759–62
investment value 762–4

non-binding constraints
716–18

non-convergence, geometric
series 778

non-critical activities 737–8
non-linear functions 189,

197–223
non-negativity constraints

708, 718
normal distribution 449–71

approximation to binomial
distribution 471–6

formula 449
mean 450
notation 449–50
probabilities 451–68

using a computer 468
simulation 853–4
standardising 460–1
standard normal 450–60
tables 452, 869–70
variance 449–50

NPV see net present values
null hypothesis 533–7

contingency tables 689–92
linear regression model 589
and rejection regions 555–60
testing for mean 539–40,

654
testing for proportions 676,

680
numerator 35
numerical data 271

objective function 707, 711,
716

observed frequencies
categorical data 680–8
contingency table 689–92

one-sided alternative hypothesis
545–6

operations, order of 10–15, 54
opportunity loss 798
optimal solution 712–13, 715,

720
optimisation, linear

programming 712–13
OR events 344–9
ordering costs 743–7
outputs, simulation 842–4,

856

p-charts 830–3
centre line 832
lower control limit 832–3
software 833–4
upper control limit 832–3

p-values 533–4
Paasche index 316
paired data 277–8, 281–5,

564–601
displaying 277–8

paired samples 663–70
confidence interval 664–5
testing 663–5, 667

pairs of linear equations
150–7

parameters, linear regression
model 586, 603

patterns, control charts 823
payments, series of 775–88

internal rate of return 784
present value of 781–4
software 784–5

payoffs 790–2, 794, 809
payoff tables 793–6, 800
pdfs see probability density

functions
percentage points

chi-squared distribution
683, 873

normal distribution 465–8
standard normal distribution

454–5, 869–70
t distribution 517–18, 872

percentages 55–7
for confidence interval

511–14
reporting 282–3

pictorial representations
257–66, 319–20

pie charts 274
software 274

planning projects 726–41

plots
scatter 277–8, 565
time series 612–16

Poisson distribution
approximation to binomial

418
and exponential distribution

441–2
mean 421
probabilities 417
on a computer 421
rare events 415–16
simulation 854
summary 421
variance 421

pooled variance estimator
657–8

population 292
distribution 490–1
mean 491
proportion 673–4
variance 491

population mean 491, 497
confidence interval 505–24
testing 539–62

population proportion 673–4
confidence interval 674–6
testing 676–8

population variance 491, 502
positive

gradient 143
numbers 4, 6

powers 70–91
applications 74, 88–9
on a calculator 88
cube roots 86
division of 75–6
fractional 85–91
indices 161–2
multiplication of 72–4, 77
negative 72, 77
of a power 74–5, 77
of products 80–5
of quotients 80–5
square roots 86

precedence table 727–30
predictions

least squares line 576
linear regression model 588

preliminary samples 825
present values 767–9, 772

annuity 783
of series of payments 775–6,

781–4
price elasticity 237–9
principal 758
probability

of AND event 344–9
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complementary events
338–40

cumulative 405–6
inverse normal 455
of OR event 344–9
subjective 332–3
and testing 529–31

probability density functions
(pdfs) 427–56

for discrete random variables
430

drawing 432–4
exponential distribution

440–1
and histograms 430–2
normal distribution 449–6,

453
uniform distribution 434–6

probability distributions
378–9, 673

binomial 380, 398–415
chi-squared 683
of continuous random

variables 428
and distributions of data

381
exponential 440–7
normal 449–71
Poisson 380, 415–21
simulation 846, 853–5
uniform 434

process mean 822–6
process variance 823–6
production

costs 146–7
curves 213–14

products
of brackets 61–3
of powers 80–5

project planning 725–41
activity 726
activity float 736
crashing 738
critical activity 736–8
critical path 737–8
dummy activity 728–30
event times 733–7
floats 736
Gantt chart 737–8
logical dummy activity

728–9
networks 727–41
node 727–41
non-critical activities

737–8
precedence table 727–30
scheduling activities 733–8
uniqueness dummies 730

proportions 672–8
confidence interval 674–5
testing 676–8

quadratic curves 192–208
quadratic equations 161,

174–87
definition 174–5
factorising 179
imaginary solutions 177
no solution 177
real solution 177
solving 176–86

quadratic expressions 66–9
quadratic functions 192

break-even analysis 199–201
plotting 194–9
sketching 194–9

qualitative data 271
quality control 500–1, 820–37

assignable causes 822
average run lengths 833–4
p-chart 830, 832–4
process mean 825–7
process variance 825–7
R-chart 830–4
and statistical testing 824–5

quality management 821
quantitative data 271
quantity discounts 746
quartiles 309–10, 320
queues, simulation 856–7

assumptions 856–8
single-server 856–7

queuing problems 856–7
queuing theory 856–7
quotients 12

powers of 80–4

R2 see coefficient of determination
R-charts

centre line 830
lower control limits 830–2
upper control limits 830–2

random inputs, simulation
842–4

generating 846–8
random number tables 487,

846–8, 871
random variables 375–88

Chebysheff’s result 394
continuous 377–8
discrete 377–8, 427–8
expectation of 384–91
expected value of 385–91
mean of 385–9
and probability distributions

379–84, 430

standard deviation of 392,
395

variance of 391–8
range, data sets 299
rates of change 221–54
rearranging equations 111–14

inequalities 125–8, 171
logarithms 171–2

reciprocals 50
regression see linear regression
regression sum of squares

578–82
rejection regions 555–60,

667
advantages 559–60
and p-values 555
testing for mean 555–60

relative frequencies data sets
257–65, 271–4

relative frequency approach
331, 353

reorder level, Economic Order
Quantity 749

repaying loans 781–2
residuals, standardised 684

analysis of 592
rewards 790–2
roots, powers 86–7
rounding numbers 16–17

2-sigma control limits 824
3-sigma control limits 824–6,

832–4
sample correlation, r 566–71

on a computer 570–1
and R2 580–2
summary 571

sample mean, x 293, 295–6,
491

distribution of 497–8
mean 497
variance 497

samples 292, 484–5
selecting 486–9
simple random 485–6

sample variance, s2 298–306,
491

distribution 502
sampling

bad 488–9
distribution 495
fluctuation 492–3
selecting a simple random

sample 486–8
scatter plots 277–8, 565–6

software 278
scheduling projects 725–41
scientific notation 17–18
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seasonal effects 612–13,
627–44

seasonal indices 633–9
seasonal adjustment 637–8
second derivatives 245–52

evaluation 245–6
maxima/minima 246–7
notation 245

sensitivity analysis 719–20
service rate 857
set-up cost 743–7, 750
shortage cost 743, 749–51
sigma (Σ) 304–6
signs

inequalities 123–4
negative numbers 6–8
symbols 27–8

significance level
hypothesis testing 534–7
quality control 824–5

significance probabilities see p-
values

significant figures 16–17
simple interest 758–9, 764–5
simple random sampling

485–90
simplest terms 37–40
simplex method 715
simplifying expressions 33–91
simulation 839–59

event times 842–4, 849, 856
generating random inputs

846–53
initial conditions 843
inter-arrival times 842–3,

856
next-event time mechanism

849
outputs 842–4, 856
probability distributions

853–8
and queuing problems 857
random inputs 841–2
single-server queue 857
summary statistics 844–5
time mechanisms 849–51
transient period 852
warmup period 852

simultaneous linear equations
150, 156, 711

single variable graphs 191
single-server queues 857
skewed

binomial distributions 409–10
histograms 260, 265, 269,

295–7
slack, linear programming

716–19

slope, straight line 141–4
smoothing constants 618–23
software see Excel; SPSS

statistical software
solving equations 98–111

guessing 97
guidelines 104
pairs of linear equations

151–6
quadratic 176–86, 195–6
unknown powers 168–72

spread, data sets 298–304
spreadsheets

cells 24–5
columns 24
modes 24
rows 24
symbolic expression 24
values mode 24
to calculate variance 306

SPSS statistical software
binomial distribution 408
bar charts 273–4
categorical data 273–4
chi-squared tests 686, 692
confidence intervals 520–1,

667
contingency tables 284
control charts 826
descriptive statistics 311,

650
exponential probabilities

447
exponential smoothing 623
histograms 264–5
least squares lines 581
linear regression 593–4
moving averages 632
multiple linear regression

603–6
normal probabilities 468
paired samples 667
pie charts 274
Poisson distribution 421
random numbers 486–7,

855
sample correlation 570–1
sampling 488
scatter plots 277–8
stem and leaf diagrams 269
time series plots 278
normal random variable 493
testing means 547–9
t intervals 520–1

square roots 86
standard deviation for control

charts 823–4, 832
of sample 300

of random variable 392, 395
standard error 497
standard normal distribution

450–60
percentage points 869–70
probability density function

453–4
tables 452–4, 867–8

standardised residuals 684
start nodes 727
stationary points

classification of 246–7,
248–50

curve sketching 247–8
finding 242–53

statistical process control
820–837

statistical tables
cumulative binomial

probability 862–6
cumulative standard normal

probability 867–8
percentage points chi-squared

distribution 873
percentage points standard

normal distribution
869–70

percentage points t
distribution 872

random numbers 871
statistical testing see testing
statistics 481–702

descriptive 481
formulae 699–702
inferential 481–4

stem and leaf diagrams 267–71
stem units 267–70
stochastic simulation 841
stock exchange index 316
stock levels, evolution of 750
stock out 749
straight lines

equation 134–7, 143–4, 151
fitting to data 574–82
functions 133–7
gradient 141–4
graphs of 134–5, 139
linear equations 135–7, 151
sketching 137–8
slope of 141–4

subjective probabilities 332–3
subject of equation 112–16
substitution

equations 95–7, 111
expressions 118–22
symbols 21–2

subtraction of fractions 40–6,
54
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summarising data 291–326
summary statistics simulation

844–5
summation sign see sigma
sum accrued 775–80
sums, differentiation of 230–1,

233
supply and demand models

linear equations 146
quadratic equations 176

symbolic expressions,
spreadsheets 24

symbols 20–1
addition 27–9
collecting like terms 28–9
division 28
equivalent expressions 30–1
fractions 38–9
multiplication conventions

28–30
negative 27–8
subtraction 27–9

symmetric distribution 260,
295–8

symmetry
binomial distribution

409–10
quadratic curves 193–201,

204

t distribution 516–19
t intervals 516–21
t ratios, linear regression

589–92
tables see statistical tables
tangents

to curve 223–4
and gradients 223–4

terminal nodes 368–9
testing 525–62, 668

chi-squared test 681, 686–7
on a computer 547, 667–8

difference between means
649, 653–8, 664–8

the idea of 526–7
in linear regression 588–91,

604–6
for mean 541–7
for proportion 676–8
structure of a test 527–8,

533–7
test statistic 533, 540–1
time series 612

models 627–8
plots 612–15

total sum of squares 578–82
transient period 852
transposing equations 111–14
tree diagrams

construction 368
nodes 368–9

trends 612–16, 627–44
isolation of 627, 630–3

turning points see stationary
points

two-sided alternative hypothesis
545–6, 655

two-sided tests 546–7, 655
two-tailed tests 546–7
Type I error, hypothesis testing

535–7
Type II error, hypothesis testing

535–7

U-shaped functions 194–8,
204

unbounded solution, linear
programming 712

uncontrollable events 790–2,
794, 807–8

uniform distribution 434–6,
854

simulation 854

unique optimal solutions
712–13

uniqueness dummies 730
unit cost, inventory control

744–53
upper control limits

control chart 822–33
p-chart 832–3
R-chart 830–2

upper quartiles 309–10

variability coefficient, inventory
control 752–3

variables 22
dependent 577
independent 577
see also random variables

variance
calculating 306
and Chebysheff 394
of a continuous distribution

436–8
of a random variable 391–4
of S2 501–2
of a sample 298–300, 304–6
of sample mean 496–7
of a set of data 298–300,

304–6
Venn diagrams 337–8

A AND B 345, 347
A OR B 346–7
conditional probability

353–5
mutually exclusive events

349

warmup period, simulation
852

width, class 261–5, 318–20

z intervals 505–16
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